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Abstract 

-I— > 

The notion of generalized Lawrence liftings and their Markov complexity for ma- 
trices A G A4rf Xn (Z) and B G M. pxn (Z) originated from Algebraic Statistics. We 
give necessary and sufficient conditions for the Markov complexity to be finite. 
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1 Introduction 

The notion of Markov basis originated from Algebraic Statistics. Let A be an element 
of M. mxn (Z), for some positive integers m,n. The object of interest is the lattice 
C(A) := Kerz(A). A Markov basis of A is a finite subset M. of C(A) such that 
whenever w, u G N n and w — u G C(A) (i.e. Aw = Au), there exists a subset 
{vj : i = 1, . . . , s} of Ai that connects w to u. This means that for 1 < p < s, 
w + Yh=i Vj G N n and w + Hf =1 Vj = u. A Markov basis .M of A gives rise to a 
generating set of the lattice ideal 

h{A) := (x u - x v : Au = Av) . 
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Indeed each ugZ" can be uniquely written as u = u + - u" where u + , u G W L . It 
can be shown that if M. is a Markov basis of A then the set {x u — x u : u G A4} is a 
generating set of /,c(a) , see [1] . A Markov basis M. of A is minimal if no subset of .M is 
a Markov basis of A. It is possible that minimal Markov bases of A may have different 
cardinalities. The universal Markov basis of A, J\4(A), is the union of all minimal 
Markov bases of A of minimal cardinality, where we identify a vector u with — u, see 
[3lfT0] . The extended universal Markov basis of A, £(A), is the union of all minimal 
Markov bases of A, where we identify a vector u with — u. Note that the universal 
Markov basis is a subset of the extended universal Markov basis. When C(A) is a 
positive lattice, i.e. C(A) fl N n = {0}, the graded Nakayama Lemma applies and all 
minimal Markov bases have the same cardinality. Thus, when C(A) flN n = {0}, the 
sets M(A) and S(A) are identical. 

Another subset of C(A) that plays an important role in the study of lattice ideals, 
is the Graver basis, Q{A), of A. Let u, v, w be nonzero integer vectors. We say that 
u = v + c w is a conformal decomposition of u if u + = v + + w + and u = v + w . 
Q{A) is the subset of C(A) whose elements have no conformal decomposition. It 
is always a finite set, see [TTf6] . In this paper we show that C(A) fl N n = {0} 
is a necessary and sufficient condition for the inclusion £(A) C Q{A) to hold, see 
Theorem 12. II We note that the sufficiency of this condition is well known and referred 
to, in the literature. However, since we could not find a written version of the proof, 
we give such a proof in Theorem 12.11 for completeness of this present exposition. 



Hierarchical models in Algebraic Statistics encourage the study of generalized Lawrence 



liftings A(A, B, r) for r > 2, where A G M. 



dxn\ 



B eM 
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see [T0ll8] . We denote the columns of A by a l5 . . . ,a n and the columns of B by 
bi, . . . , h n . The (rd + p) x rn matrix A(A, B, r) has columns the vectors 



{a 4 



1 < i < n,l < j < r}, 



where e l5 . . . , e n represents the canonical basis of Z n . When B = I n one gets the 
usual r-th Lawrence lifting A^ r \ see [10]. We note that C(A(A, B, r)) is a sublattice 
of 1I n . Let C G C(A(A,B,r)). We can assign to C an r x n matrix C such that 



Cij = C(j_i)„ + j. Each row of C corresponds to an element of C(A) and the sum of the 
rows of C corresponds to an element in C(B). The number of nonzero rows of C is the 
type of C. The complexity of any subset of A (A, B, r) is the largest type of any vector 
in that set. The Markov complexity, m(A, B), is the largest type of any vector in the 
universal Markov basis of A(A,B,r) as r varies. The extended Markov complexity, 
e(A, B), is the largest type of any vector in the extended universal Markov basis of 
A(A, B, r) as r varies. Certainly e(A, B) > m(A, B). The Graver complexity g(A, B) 
is the largest type of any vector in the Graver basis of A(A, B, r) as r varies. 

It is natural to ask whether and when any of the complexities m(A,B), e(A,B), 
g(A,B) are finite. In pU] it was shown that for any matrix A, g(A,I n ) < oo and 
e(A, I n ) < g(A,I n ). Moreover in [8] it was shown that if A is a matrix with pos- 
itive integer entries, then g(A,B) < oo and e(A,B) < g(A,B). We note that in 
both cases mentioned above, the lattices of the corresponding r-th (generalized) 
Lawrence lifting for r > 2, are positively graded. In this paper we show that if for 
any r > 2, C(A(A,B,r)) n W n ^ {0} then m(A,B) and e(A,B) are infinite, see 
Theorem 12.91 Thus m(A,B) is finite if and only if A(A,B,r) is positively graded 
for any r > 2. It follows that e(A,B) = m(A,B), see Theorem 12.81 To find out 
whether C(A(A,B,r)) fl W n ^ {0} for any r > 2, it suffices to check the intersec- 
tion Ker%(A) D Ker^(-B), as it is shown in Lemma 12.41 We also prove in Theorem 
12.51 that if m(A, B) < oo and r > 2 then all minimal Markov bases of A(A, B, r) 
have the same complexity, while this fails to be true if m(A, B) = oo. In the last 
section we give an explicit example where we show that if m(A, B) = oo, then all is 
possible when considering the complexities of individual minimal Markov bases of 
A(A, B,r). In this example in particular, one can find minimal Markov bases with 
complexities ranging from 1 to r. 



2 On the finiteness of Markov complexity 



Let D E M mxn (Z). We let C := C(D) C Z n and C pure be the sublattice of C 
generated by the elements in £ fl W 1 . This is the pure sublattice of C, see [3]. In [31 
Theorem 4.18], it was shown that 

if rank(£ pnre ) > 1 or rank(£ pure ) = 1 and C ^ C pure , then the universal Markov 
basis of D, Ai(D), is infinite. 

It is automatic that in these cases, S(D), the extended universal Markov basis of D, 
is infinite. 

Suppose now that rank(£ pure ) = 1 and C = C pure . We let ^ w e N n be such that 
C = (w). It is immediate that w G G{D) and thus M.(D) C G(D). On the other 
hand, one can easily see that {few, /w} is a minimal Markov basis of D for any two 



relatively prime integers k, I > 2. Thus S(D) is infinite. Since G(D) is a finite set, it 
follows that 

if r&nk(£ pure ) > 1 or rank(£ pure ) = 1 and £ ^ £ pU re, then the universal Markov 
basis of D is not contained in the Graver basis of D. If rank(£ pnre ) > 1 then the 
extended universal Markov basis of D is not contained in the Graver basis of D. 

Let ug£ and consider the set J-"(u + ) := {t G W 1 : u + — t G £}. This is a finite set 
if and only if £ D N n = {0}. We join two elements wi, w 2 of J-"(u + ) by an edge if 
and only if there is v G £ such that v + is componentwise smaller than w x and w 2 , 
meaning that at least one component of the nonnegative vector Wi — v + is strictly 
positive, for i — 1, 2. We let Q u be the graph thus produced. When £ fl N n = {0}, a 
necessary condition for u G £ to be in Ai(D), is the following criterion that appears 
in [21 Theorem 2.9], [5] Theorem 1.3.2] and [3J Theorem 3.13]. 

If £ H N n = {0} and u is in A4(D) then u + and u~ belong to different connected 
components of Q u . 

We will use this criterion in the proof of the next theorem. 

Theorem 2.1 The extended universal Markov basis of D is contained in the Graver 
basis of D if and only if £(D) fl N n = {0}. The universal Markov basis of D is 
contained in the Graver basis of D if and only if £(D) fl N a = {0} or £{D) = 
£(D) pure and rank £{D) = 1. 

Proof. Let £ := £{D). By the remarks preceding the theorem it remains to be 
shown that if £ n N n = {0}, u G £, u £ Q(D) then u £ M(D). Since u G' Q(D) 
there exist nonzero vectors v, w G £ such that u = v+ c w. Thus u + = v + + w + and 
u = v~+w~. It follows that u + , u and u + — v = w + +v _ are all in J-"(u + ). Next we 
show that v + is nonzero. Indeed suppose not. Since v~ = v— v + = v G £flM n = {0}, 
it follows that v = 0, a contradiction. Similarly w + ,v~,w~ are nonzero. Thus in 
the fiber J-"(u + ), the elements u + , w + + v~ are connected by an edge because of w 
and similarly u~, w + + v _ are connected by an edge because of —v. It follows that 
u + , u~ belong to the same connected component of Q u and thus u ^ Ai{D). □ 

Let " > " be any monomial order. We briefly note that if x u — x u is in the reduced 
Grobner basis of Ic(d), then u is in the Graver basis of D, see [llj. The universal 
Grobner basis of D consists of all u such that x u — x u is in a reduced Grobner 
basis of Ic(D) and is a finite set. Thus, if £{D) flN n ^ {0} then the universal Markov 
basis of D cannot be contained in the universal Grobner basis of D. We note that 
even when £{D) fl N" = {0}, the containment does not hold, as the next example 
shows. 



Example 2.2 Let 



D 



^22223333^ 
40403333 
40043333 
22226060 
22226006 



The set {(1, 1, -1, -1, 0, 0, 0, 0), (0, 0, 0, 0, 1, 1, -1, -1), (2, 2, 1, 1, -1, -1,-1, -1)} is 
a minimal Markov basis of D. It follows from [4J that 



id 



2„2, 



\X\Xi — ^3X4, X<jX§ — XjXg, X x X 2 X^Xi — X^XqXtXs)- 



We note that for any monomial order, the initial term of X\X 2 — £3X4 divides 
x\x\xj,x^ while the initial term of x 5 x 6 — x>?Xg divides x 5 x e x 7 x 8 . Therefore the ele- 
ment x\x\xj,x^ — x 5 XqX 7 x 8 does not belong to a reduced Grobner basis of Ic(d) and 
the vector (2, 2, 1, 1, — 1, —1,-1, —1) is not in the universal Grobner basis of D. For 
a different proof based on the geometry of the fibers one can use the arguments of 
[TTj Chapter 7]. Note that D has 12 different Markov bases. Of those bases, exactly 
4 are subsets of the universal Grobner basis of D. 

We say that u is £(D)-primitive if u 7^ and Qu n C(D) = Zu. For u G Z n , we let 
supp(u) := {i : U{ 7^ 0}. For X C C(D), we let 

supp(X) := (J supp(u) . 

Suppose that C(D) fl N n 7^ {0}. In [3j it was shown that there exists an C(D)- 
primitive element u G C{D) fl N n such that supp(u) = supp (C(D) pure ) , [3, Propo- 
sition 2.7, Proposition 2.10]. This element can be extended to a minimal basis of 
C(D) pure and then to a minimal Markov basis of D of minimal cardinality by [3J 
Theorem 2.12, Theorem 4.1, Theorem 4.11]. This is the point of the next lemma. 

Lemma 2.3 If C(D) pure 7^ {0}, there exists an C(D) -primitive element v G N n 
and a minimal Markov basis of D of minimal cardinality that contains v, such that 
supp(v) = supp(£(£>) pure ). 

Next we consider generalized Lawrence liftings, for A G AidxnC^), B G M. pxn CL) 
and 2 < r G N. We let 

C r := £{A{A, B, r)), C AB := Ker z {A) n Ker z (5) . 

We note that C r C Z rn while C a ,b C Z n . 

Proposition 2.4 C a ,b HN 11 ^ {0} if and only if C r n N™ 7^ {0} for any r > 2. 



Proof. Let C G £>a,b H N 71 . We think of the elements of C r as r x n matrices, as 
explained in the introduction. We have that [C ■ ■ ■ C] T G C r D N rn . Conversely, if 

[Ci • • • C r ] T e £ r n N rn then d + ■ • • + c r g £ AB n N n . □ 

Suppose that £ r flN rn = {0}. Let U <E £ r and let W the corresponding r x n matrix 
with Uj as its z-th row. We define o{U) = {i : Uj^O, 1 < z < r}. Thus the type of 
U is the cardinality of a(U). The A(A, B, r)-degree of U is the vector A(A, B, r)U + . 
Thusthe A(A,I?,r)-degreeof £/isinthe span N(aj®e,,©bj : 1 < i < n,j G a(U)).\t 
is well known that the A(A, B, r)-degrees of any minimal Markov basis of A(A, B, r) 
of minimal cardinality are invariants of A(A, B, r), see [IT] . 



Theorem 2.5 Let C r n N rn = {0}. T/ie complexity of a minimal Markov basis of 
A(A,B,r) is an invariant of A(A,B,r). 

Proof. Let Mi, M2 be two minimal Markov bases of Ic r - It is enough to show 
that the complexity of M\ is less than or equal to the complexity of M2. Let U = 
[ui • • • u r ] T G Mi be such that the type of U is equal to the complexity of Mi. We 
let V = [vi • • • v r ] T G M 2 be such that the A (A, B, r)-degree of V is the same as the 
A(A, B, r)-degree of U. Thus the A(A, B, r)-degree of V is in N(a ; <g> ej © b ; : 1 < 
i < n,j G cr{U)). This implies that v^" = for every i G" a(U). Since every nonzero 
element in Ker^(A) has a nonzero positive part (and a nonzero negative part) it 
follows that Vj = for every i G" a(U). Thus cr(V) C cr(W). Reversing the argument 
we get that o~(U) = c(V). Therefore the complexity of Mi is less than or equal to 
the complexity of M 2 . □ 

As in [SI Theorem 3.5] one can prove the following statement for arbitrary integer 
matrices A G M dX n(%>), B G M pxn (2). 

Theorem 2.6 The Graver complexity g(A,B) is the maximum 1-norm of any ele- 
ment in the Graver basis Q[B ■ Q(A)). In particular, we have g(A, B) < 00. 

Suppose that C r D W n 7^ {0}. Next we show that A(A, B, r) has a minimal Markov 
basis (of minimal cardinality) whose complexity is r. 

Lemma 2.7 Suppose that C r fl W n 7^ {0}. There exists a minimal Markov basis of 
A(A,B,r) of minimal cardinality, that contains an element of type r. 



Proof. We first show that C r fl W n has an element of type r. By Lemma I2.4[ 
jC a ,b HN"^ {0}. We let w G C a ,b H N n be such that supp(w) = supp((£ a ,b) pure)- 
It follows that 

U 

i G C r H N rn 



has type r. Since (C r ) pure = (C r fl W n ), we are done by Lemma 1231 □ 

The next theorem is an immediate consequence of Lemma 12.71 

Theorem 2.8 The Markov complexity m(A,B) is equal to the extended Markov 
complexity e(A,B) for all A e M. dxn {lj), B E Ai pxn (Z). 

Proof. If Ca,b nN"^ {0} then m(A, B) and e(A, B) are both infinite by Proposi- 
tion |23] and Lemma O If ^nN" = {0} then e(A, B) = m(A, B) by Nakayama's 
lemma. □ 

Next we completely characterize the cases where m(A, B) < oo. 

Theorem 2.9 The following are equivalent: 

(1) the Markov complexity m(A, B) is finite, 

(2) Ca,b is a positive lattice, 

(3) Vr > 2, all minimal Markov bases of A(A,B,r) have the same complexity. 

Proof. For (1)^(2) we only have to show that if Ca,b nN" = {0} then m(A, B) is 
finite. By Lemma 12.41 ^r H W n = {0} for all r > 2. By Theorem 12.11 the universal 
Markov basis of A(A,B,r) is a subset of the Graver basis of A(A,B,r) for any r. 
Thus m(A,B) < g(A,B). The latter one is finite, by Theorem | 



We note that Theorem 12.51 gives the implication (1)=>- (3). For the reverse implica- 
tion, let r > g(A, B) and assume to the contrary that m(A, B) = oo. By Lemma |2~7] 
there is a minimal Markov basis .Mi of A(A,B,r) of complexity r. We let M. 2 be 
the universal Grobner basis of D. We note that M 2 is a Markov basis of D and is 
contained in the Graver basis. Thus the complexity of M 2 is less than or equal to 
g(A, B) < r. The Markov bases .Mi, A^2 have different complexities, a contradiction. 
□ 

Remark 2.10 Suppose that r > 2 and £ r fl N rn ^ {0}. Let v be the £ r -primitive 
element of Lemma 1231 By adding positive multiples of v to the other elements of the 
Markov basis of Lemma I2T31 the new set is still a minimal Markov basis of A(A, B, r), 
see [3j, with the property that all of its elements are of type r. 



3 Example 



In this section we give an example of matrices A, B such that for any given r > 2, 
A(A,B,r) has a minimal Markov basis with elements of type 1 and 2, a minimal 
Markov basis with elements of any type from 1 to r, a minimal Markov basis with 



all elements of type r and an infinite universal Markov basis. 

We let Ai G A4 2xm (Z), A 2 G .M 2x2 (Z), A G -M 2x ( m+2) (Z), 5 2 G .M mx2 (Z) and 
B G A^ mx ( m+2 )(Z) be the following matrices: 



A x 




A 2 





1 -1 



,A = {A 1 \A 2 ) 



Bo 







B = (I m \B 2 



We consider the matrix A(A,B,r). After column permutations it follows that 



A(A,B,r) 



A 

A 



B B 







B 



\ 



( 



— \ 



A x 

A x 





-'m -'m 







Ax 

1 1 1 1 



A 2 








A 2 








B 2 


5 2 






A 2 
Bo 



\ 



We note that the lattice £ (A(Ax, I m , r)\A(A 2 , B 2 , r)) is isomorphic to the direct sum 
of the lattices C(A(Ax,I m ,r)) and C(A(A 2 , B 2 , r)) and thus there is a one to one 
correspondence between the Markov bases of A(A,B,r) and unions of the Markov 
bases of C(A(Ax, I m , r)) and C(A(A 2 , B 2 , r)). 

The matrix A(v4i,/ m ,r) is the defining matrix of the toric ideal of the complete 
bipartite graph K m ^ r and has a unique Markov basis corresponding to cycles of 
length 4: all its elements have type 2, see [9] and [TUl Example 5]. We denote by 
Ci the columns of A(v4 2 , B 2 , r), for i — 1, . . . , 2r. We note that Cx, C 3 , . . . , C 2r _i are 
linearly independent while C 2 /_i = —C 2 i for 1 < / < r. It follows that the lattice 
C(A(A 2 ,B 2 ,r)) has rank r and is pure. Thus it has infinitely many Markov bases, 
see [3]. We consider the following Markov basis of A(A 2 , B 2 , r) consisting of elements 
of type 1: 



{ 











V uuy v uu 7 



l l 











v 11 ; 



}• 



For fixed 1 < a < r and 1 < b < m + 2 we let E a j, be the matrix of A^ rX (m+2)(^) 
which has 1 on the (a, 6)-th entry and everywhere else. Moroever for 1 < i < 
j < r, \ < k < I < m and 1 < s < r, we let E^^t) e A^ rX ( m +2)(^) and 
T s e A^ rx ( m+ 2)(Z) be the matrices 

E(ij)^k,i) = -Sj,fc — E it i — Ej^ k + Ej y i, T s = E s ^ m+ i + E S)m+2 . 

It follows that the set M. = {Ti, . . . , T r }U{E^j)^k,i) '■ 1 < i < j < r,l < k < I < m} 
is a minimal Markov basis of A(A, B, r) of cardinality r + (Vj f ™) . The elements of 
M. have type 1 and 2. 

Note that the set 

{T 1 ,T 1 + T 2 ,...,T 1 + --- + T r } U {E iidUk>l) : 1 < * < j < r, 1 < k < I < m} 

is a minimal Markov basis of A(A, B, r) and the type of its elements range from 1 
to r. Moreover if T = YZ=i T s , then the set 

{T,T + T 2 , . . . ,T + T r } U {T + E {iJUk>l) : 1 < i < j < r, 1 < k < I < m) 

is a minimal Markov basis of A(A, B, r) such that all its elements are of type r, see 



We remark that if S is any integer linear combination of the elements T s , 1 < s < r 
and 1 < i < j < r,l < k < I < m then the element 5* + ^(ij),(fc,z) belongs to the 
infinite universal Markov basis of A (A, B,r). 
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